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We theoretically investigate the spin–wave spin current induced
by the spin Seebeck effect in magnonic spin tunneling junctions
(MSTJs) for arbitrary magnetization directions. We show that the
MSTJ functions as a tunable spin Seebeck diode in which the tun-
neling spin current can be turned on and off with high efficiency by
controlling the magnetization direction.
In magnetic insulators, the spin–wave spin current (magnon
current) is a pure spin current without charge flow, and there-
fore, all magnonic computers fabricated from magnetic in-
sulators are expected to operate without Joule heat loss.1)
As a candidate material, yttrium iron garnet (YIG) poten-
tially has a long propagation length for spin waves;2, 3) thus,
magnon transport in YIG has attracted considerable attention
in the fields of spintronics,4) magnonics,5) and spin caloritron-
ics.6) Temperature gradient is one of the forces directly driv-
ing the magnon current, and this phenomenon is called the
spin Seebeck effect (SSE);7, 8) for information on recent in-
vestigations, see introduction of Ref.9) As the reciprocal phe-
nomenon of the SSE, the spin Peltier effect also has been in-
vestigated.10–12) On the other hand, it is possible to use elec-
tric field as the driving force if a metal is attached to mag-
netic insulators, due to the spin Hall effects13–15) or magnon–
drag effects via electron–magnon interaction.12, 16, 17) We now
consider magnonic devices driven by a temperature gradi-
ent. In 2013, Ren and Zhu proposed spin Seebeck diodes by
using two magnetic insulators separated by a nonmagnetic
thin layer acting as a tunneling barrier;18) hereinafter, we call
this multilayer structure a magnonic spin tunneling junction
(MSTJ), following Ren and Zhu (alternatively, this structure
is called ferromagnetic insulating junction19)). It works as a
diode for tunneling the spin current driven by the temperature
difference between the two magnetic insulators, and the spin
Seebeck diode effect originates from a magnon–magnon in-
teraction that induces, in each magnet, different temperature
dependences for the magnon density of states. Here, it was
assumed that the two magnetization directions are the same
in both the magnetic insulators, and the magnitude of the tun-
neling spin current was estimated as a function of temperature
by using the typical parameters of YIG. From this work, it can
be seen that MSTJ has an additional degree of freedom, i.e., a
relative angle between the left and right magnetization direc-
tions (nL and nR, respectively) as shown in Fig. 1. The sim-
plest way to control the magnetization directions is to apply
an external magnetic field to the MSTJs fabricated from mag-
netic materials with different anisotropy in the left and right
magnets.
Here, we investigate the thermal spin transport in MSTJs
and aim to reveal the relative angle dependence between the
left (L) and right (R) magnetization directions. For this pur-
pose, we theoretically describe the spin current in the pres-
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Fig. 1. Schematic view of the magnonic spin tunneling junction.
ence of temperature difference, on the basis of a Heisenberg-
type model . In addition to the diode property for the thermal
tunneling spin current, which was already shown by Ren and
Zhu, we found that the spin current can be turned on/off by
controlling the parallel/anti parallel condition.
Let us consider an MSTJ described by
Hˆγ := −12
∑
i, j∈γ
Ji jSˆi · Sˆ j −
∑
i∈γ
Sˆi · Hγeff , (1)
HˆI := −
∑
i∈L,l∈R
VilSˆi · Sˆl, (2)
where Hˆγ is the Hamiltonian of the spins within the γ–side
magnetic insulator (γ = L or R), Sˆi is the spin operator at a site
i, Ji j = J ji is an exchange coupling constant, H
γ
eff is a classical
vector that denotes a homogeneous effective exchange field
within the γ–side magnetic insulator whose direction is par-
allel to nγ, and HˆI is the tunnel Hamiltonian represented by a
weak exchange coupling constant Vil = Vli between site i ∈ L
and site l ∈ R spins. The equation of motion for the left–side
spin operator is given by
∑
i∈L
˙ˆSi =
∑
i∈L Sˆi × HLeff − Iˆs, where
˙ˆO := [Oˆ, HˆL +HˆR +HˆI]/(i~) for an operator Oˆ. The first term
represents the precession within the left–side magnetic insu-
lator, and the second term is the spin current operator passing
from the left magnetic insulator to the right magnetic insula-
tor, which defined by
Iˆs := −
∑
i∈L,l∈R
VilSˆi × Sˆl. (3)
It should be noted that one can easily confirm the symmetry:∑
i∈R
˙ˆSi =
∑
i∈R Sˆi × HReff + Iˆs. Considering the inverse tem-
peratures in the left and right magnetic insulators as βL and
βR, respectively, and assuming that the insulators form a con-
tact via HˆI, the spin current Is can be calculated by using
Zubarev’s method.20) In this method, one can obtain up to the
second–order calculation with respect to Vil as
Is = −
∑
i∈L,l∈R
Vil 〈Sˆi〉 × 〈Sˆl〉 + 1i~ limδ→0+
∫ ∞
0
dte−δt 〈[Iˆs(t), HˆI]〉 ,
(4)
where the statistical average is given by 〈Oˆ〉 :=
Tr e−βLHˆL−βRHˆROˆ/Tr e−βLHˆL−βRHˆR , and the time–dependent op-
erator is denoted by the Heisenberg representation in HˆL +
HˆR. The first term is oriented along nL×nR because 〈Si〉 ∝ nγ
for i ∈ γ, and it does not vanish even in the equilibrium con-
dition (βL = βR). This term corresponds to a spin–system ver-
sion of the conventional field–like spin torque in a magnetic
tunnel junction consisting of ferromagnetic electrodes.21–23)
To evaluate the correlation function in the second term in
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Eq. (4), we represent the spin operator in terms of the local
spin axis as Sˆi =: nγSˆ zi +
1
2 [(n
x
γ + in
y
γ)Sˆ −i + (n
x
γ − inyγ)Sˆ +i ]
for i ∈ γ where nxγ and nyγ are arbitrary unit vectors satis-
fying nxγ × nyγ = nγ, and the eigen values of S zi are given
by −S γ,−S γ + ~, . . . , S γ in terms of a spin quantum number
S γ > 0.
First, we discuss the collinear cases. For n := nL = nR, we
have Is = I↑↑s n where
I↑↑s := −2pi~
∫ ∞
−∞
dω [NL(ω) − NR(ω)] Λ↑↑(ω,ω), (5)
Λ↑↑(ω,ω′) := S LS R
∑
i, j∈L
∑
l,m∈R
VilV jmρ+−i j (ω)ρ
+−
ml (ω
′), (6)
and Nγ(ω) := (eβγ~ω − 1)−1, and we introduce a spectral func-
tion on the junction interface defined by
ρ
αβ
i j (ω) :=
1
2pi
∫ ∞
−∞
dteiωt
〈[∆Sˆ αi (t), ∆Sˆ βj ]〉
2~S γ
for i, j ∈ γ, (7)
and ∆Sˆ αi (t) := Sˆ
α
i (t) − 〈Sˆ αi 〉. As seen from the Holstein–
Primakoff transformation,24) ρ+−i j (ω) can be approximated by
a magnon spectral function on the interface as ρ+−i j (ω) '
Di j(ω); thus, we can confirm that I
↑↑
s is equivalent to Ren and
Zhu’s result.18) In another collinear case (n = nL = −nR), the
spin current is given by Is = I↑↓s n where
I↑↓s := 2pi~
∫ ∞
−∞
dω [NL(ω) − NR(ω)] Λ↑↓(ω,ω), (8)
Λ↑↓(ω,ω′) := S LS R
∑
i, j∈L
∑
l,m∈R
VilV jmρ+−i j (ω)ρ
+−
lm (−ω′). (9)
Here, assuming that the ferromagnetic magnon eigen fre-
quency is positive in both the magnets, the magnon spectral
function has a finite value only for ω > 0. Thus, we can con-
clude that the spin injection is almost perfectly blocked (I↑↓s '
0) regardless of the sign of Vil, because ρ+−i j (ω)ρ
+−
lm (−ω) '
Di j(ω)Dlm(−ω) ' 0 for any frequency. As a result, it is pos-
sible to switch the tunnel spin current with high efficiency by
controlling the magnetization direction of either the left or
right magnetic insulator.
For an arbitrary relative angle, we can represent the spin
current as Is = Ifields + I
neq
s where
Ifields := −
∑
i∈L
∑
l∈R
VilSi × Sl + nL × nR [I′s + (nL · nR)I′′s ] ,
(10)
Ineqs := I1s nL × nR × nL + I2s nR × nL × nR
+ I↑↑s
(1 + nL · nR)(nL + nR)
4
+ I↑↓s
(1 − nL · nR)(nL − nR)
4
.
(11)
In addition, we introduce the statistically averaged Sˆi on the
basis of Zubarev’s method up to the first–order Vil:
Si := 〈Sˆi〉 + S γ−
∫ ∞
−∞
dω
ω
∑
j∈γ
∑
m∈γ¯
V jm 〈Sˆ zm〉<
{
nγ¯ρ+−i j (ω)
+ nγ(nL · nR)
[
2ρzzi j (ω) − ρ+−i j (ω)
]}
+ O(Vil2) for i ∈ γ.
(12)
Here, the symbol −
∫
indicates taking a principal value, and
L¯ := R (R¯ := L). The other parts are defined by
I′s := ~−
∫ ∞
−∞
dωdω′
NL(ω) − NR(ω′)
ω − ω′
Λ↑↑(ω,ω′) + Λ↑↓(ω,ω′)
2
,
(13)
I′′s := ~−
∫ ∞
−∞
dωdω′
NL(ω) − NR(ω′)
ω − ω′
(
Λ↑↑(ω,ω′) − Λ↑↓(ω,ω′)
2
− 2Λ1(ω,ω′) − 2Λ2(ω,ω′) + 4Λ3(ω,ω′)
)
, (14)
Iis := −2pi~
∫ ∞
−∞
dω[NL(ω) − NR(ω)]Λi(ω,ω), (15)
and
Λ1(ω,ω′) := S LS R
∑
i, j∈L
∑
l,m∈R
VilV jmρzzi j (ω)ρ
+−
ml (ω
′), (16)
Λ2(ω,ω′) := S LS R
∑
i, j∈L
∑
l,m∈R
VilV jmρ+−i j (ω)ρ
zz
ml(ω
′), (17)
Λ3(ω,ω′) := S LS R
∑
i, j∈L
∑
l,m∈R
VilV jmρzzi j (ω)ρ
zz
ml(ω
′). (18)
The field–like term Ifields is oriented along nL × nR and does
not vanish in the equilibrium condition. On the other hand,
Ineqs exists only in the non-equilibrium condition βL , βR, and
further, they are represented by a single frequency integration
involving the product of the two spectral functions at the same
frequency. This suggests that they are the dissipative spin cur-
rents induced by the SSE. In the magnon representation, we
can evaluate the spectral functions as ρ+−i j (ω) ' Di j(ω) and
ρzzi j (ω) ' ~2S γ
∫ ∞
−∞ dω
′ [Nγ(ω′ − ω) − Nγ(ω′)]Di j(ω′)D ji(ω′ −
ω); thus, it can be seen that the leading term in Ineqs
is given only by I↑↑s under the low temperature condition
~Nγ(ω)/S γ  1.
In summary, we have microscopically described the spin
current induced by the SSE, which passes through the MSTJ
with arbitrary relative angles between the left and right mag-
netization directions. Thus, we have shown that it is possible
to realize spin current switching for the spin Seebeck diode
proposed by Ren and Xhu.18) Furthermore, this switch po-
tentially functions with high efficiency because the blocking
effect, I↑↓s ' 0, is robust for junction interface conditions in
the sense that it does not depend on the sign of the exchange
coupling between the magnetic insulators.
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